EIGENVALUE ESTIMATES FOR SUBMANIFOLDS OFiVx 
WITH LOCALLY BOUNDED MEAN CURVATURE 

... G. PACELLI BESSA AND M. SILVANA COSTA 

OO 

O 

f - *j ' Abstract. We give lower bounds for the fundamental tone of open sets in submanifolds 

fsj | with locally bounded mean curvature in N X R, where N is an n-dimcnsional complete 

, , Riemannian manifold with radial sectional curvature Kpf < k. When the immersion 

C) ' is minimal our estimates are sharp. We also show that cylindrically bounded minimal 
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1. Introduction 

The fundamental tone A* (Q) of an open set Q in a smooth Riemannian manifold M is 
defined by 

A*(fi) = infj ^'ff/' 2 ; / g H^(n)\{0}}. 

When Q = M is an open Riemannian manifold, the fundamental tone X*(M) coincides 
with the greatest lower bound inf S of the spectrum £ C [0, oo) of the unique self-adjoint 
extension of the Laplacian A acting on Cq°(M) also denoted by A. When £1 is compact 
£> ' with piecewise smooth boundary dfl (possibly empty) then A* (£7) is the first eigenvalue 

^sO , Ai(Jl) of £7 (Dirichlet boundary data if d£l ^ 0). A well studied problem in the geometry of 

the Laplacian is the relations between the first eigenvalue or the fundamental tone of open 
sets of Riemannian manifolds and the manifold's geometric invariants, see [2], [3], [8] and 
references therein. Another kind of problem is to give bounds for the the first eigenvalue 
(fundamental tone) of open sets of minimal submanifolds of Riemannian manifolds, see [4], 
[5] , [I] , [H] , [IH] ■ There has been recently an increasingly interest on the study of minimal 
surfaces (constant mean curvature) in product spaces TV x R, with after the discovery of 
many beautiful examples in those spaces, see [13], [II]- This motivates us to study the 
fundamental tone of minimal submanifold of product spaces N x R. Our first result is the 
following theorem. 

Theorem 1.1. Let ip : M <—> N x R be a complete minimal m- dimensional submanifold, 
where N has radial sectional curvature K {'y{t))( , y'(t),v) < k, v £ Tj( t \N, \v\ = 1, v _L dt, 
along the geodesies j(t) issuing from a point xq E N. Let £1 C lp~ 1 {Bn{xq, r) x R) be a 
connected component, where r < min{inj(a;o),7r/2v / K} ; (tt/2^/k — oo if k < 0). Then 

(1.1) A*(0)>A 1 ( J B Nm _ 1(re) (r)). 

Lf Q, is bounded then inequality il.l\) is strict. Here N m_1 (K) is the [m — 1)- dimensional 
simply connected space form of constant sectional curvature k. 
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Theorem (jl.lj) can be viewed as a version of Theorem (1.10) of [5] for product spaces. 
There Bessa and Montenegro gave eigenvalue estimates for pre-images of geodesic balls in 
Riemannian manifolds with radial sectional curvature bounded above, here we give lower 
eigenvalue estimates for pre-images of cylinders in product spaces. 

Remark 1.2. Inequality (O) is sharp. For if we let ip : HT^-l) xln H n (-1) x R be 
given by <fi(x,t) = (i(x),t), where i : H m ~ 1 (— 1) =— » H rl (— 1) is a totally geodesic embedding 
then for fi = (p~ 1 (B^n.^_i^(r) xl) = B)ai m - 1 (-i)( r ') x R we have 

A*(n) = Ai(BH ( _i)»-i(r)). 

Corollary 1.3. Let ip : M =— > R 3 be a complete minimal surface with (p(M) C B^fr) x R. 
Then 

(1.2) X*(M)>X 1 (B R2 (r) = ^, 

where cq is the first zero of the Jo-Bessel function. 

Question 1.4. The only examples known (to the best of our knowledge) of complete surfaces 
in R 3 with positive fundamental tone are the Nadirashvilli bounded minimal surfaces [16] 
and Martin-Morales cylindrically bounded minimal surfaces [13] ■ Both Nadirashvilli and 
Martin-Morales minimal surfaces have at least two bounded coordinate functions. That was 
crucial in the proof that their fundamental tones were positive. That raises the question 
whether there are minimal surfaces in R 3 with at most one bounded coordinate function 
with positive fundamental tone. More specifically, has the Jorge-Xavier minimal surface 
inside the slab ^12 j positive fundamental tone? 

A second purpose of this paper is study the fundamental tones of domains in submanifolds 
of N x R with locally bounded mean curvature. We need a stronger notion of locally bounded 
mean curvature than the considered in [3] . 

Definition 1.5. An isometric immersion <p : M c — ► W x R has locally bounded mean 
curvature \H\ if for any p £ W and r > 0, the number 

h(p,r) = sup{\H(x)\; x£ <p(M) n (B w (p,r) x R)} 

is finite. Here B\y(xo,r) is the geodesic ball of radius r and center xq in W. 

Our second result is the following theorem. 

Theorem 1.6. Let tp : M ^ N x R be a complete immersed m-submanifold o/JVxR with 
locally bounded mean curvature, where N has radial sectional curvature K < k, along the 
geodesies issuing from a point Xq £ N. Let fl(r) C ip^ 1 (BN(p,r) x R) be any connected 
component. Suppose r < nun{injjy(xo),7r/2'\//i}. In addition 

• If\h(x ,r)\ < A 2 < oo letr<(C K /S K )- 1 {A 2 /(m-2)). 

• // linv^oo h(xo, r) = oo let r < (C K / S K )~ 1 (h(xo, ro)/(m — 2)), where ro is so that 
(m-2)^(r )-h(x ,r ) = 0. 

In both cases we have 



A*(fi(r)) > 



C 
(m-2)-^(r) -h(x Q ,r) 



>0- 



Corollary 1.7 (Bcssa-Montenegro, [S]). Let ip : M <—> N X R be a compact immersed 
submanifold with mean curvature vector H . Let p\ : N x R — ► N be the projection on the 
first factor. Then the extrinsic radius ofpi(M) is given 

^P 1 (M) = (§ i )" 1 (sup|H|/(m-2)). 
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eigenvalue estimates for submanifolds of jvxrwith locally bounded mean curvature 

2. Preliminaries 

Let ip : M c — ► W be an isometric immersion, where M and W are complete Riemannian 
manifolds of dimension m and n respectively. Consider a smooth function g : W — > K and 
the composition / = go^:M->l. Identifying X with dip(X) we have at g e M that the 
Hessian of / is given by 

(2.1) Hess f(q) (X, Y) = Hess g{p{q)) (X, Y) + (grad g , a(X, Y)) v{q) . 

Taking the trace in (|2.ip . with respect to an orthonormal basis {ei, . . . e m } for T q M, we 
have the Laplacian of /, 

m m 

(2.2) A f(q) = ^Uess g(ip(q))(e i ,e l ) + (grad g, ^ a(e i: a)). 

i=l i=l 

The formulas (|2.ip and (|2.2[) are well known in the literature, see [11]. For the proof of 

Theorems (jl.ll) and (|1.6[) we will need few preliminaries results. The first result we need is 
the Hessian Comparison Theorem, one can see [T7] for a proof. 

Theorem 2.1 (Hessian Comparison Theorem). Let W be a complete Riemannian manifold 
and let p be the distance function on W to xq. Let 7 be a minimizing geodesic starting at 
Xq and suppose that the radial sectional curvatures of M along 7 is bounded above K n < k. 
Then the Hessian of p at 7(f) satisfies 

(2.3) H eSS p(7(i))(X,X)>^(t).||X|| 2 , X±j'(t) 

Where 

sin(y / K- t)/\fH if k>0 



(2-4) S K (t) = { 



1/t if k = 

sinh(v / — K ■ t)/\/—n if k<0 

andC K {t) =S' K (t), 

The second and third results we need are eigenvalue estimates proved in and in [4J . The 
former is a generalization of the well known Barta's eigenvalue theorem (Tj and the later is 
a generalization of a result of Cheung-Leung [10] . 

Theorem 2.2 (|5j). Let fl be an open set in a Riemannian manifold M. Then 

(2.5) A*(fi) > sup{inf(divX - \X\ 2 )}. 

C(Q) n 

Where C(Cl) is the set of smooth vector fields in Q\F for some closed set F with Hausdorff 
measure H n - l {Fntt) = 0. 

Theorem 2.3 (4 ]). Let Q be an open set in a Riemannian manifold M and c(f2) a constant 
defined by 

, n x (infndivX) 

C(O) = SUp r—^-, 

where C+(0) = {X e C{Vl) inf f2 divX > Oand sup a \X\ < 00}. Then 

(2.6) A*(«) > ^f- 
Finally we need the following technical lemma. 



4 G. PACELLI BESSA AND M. SILVANA COSTA 

Lemma 2.4. Let v : Bj^nf K -\{r) — ► K fee a /irsi positive eigenf unction of B^ n / K \(r) C N"(k) 
associated to the first eigenvalue Ai(-Bjw K )(r)). TTien 
/~» 

(2.7) n^t»'(t) + Ai(B N » (K) (r))t»(t)<0, te(0,r). 

Proof. We are going to treat the cases k < 0, k = and k > separately. Suppose first that 
K < and let us call A = Xi(B^n^(r)) for simplicity of notation. Recall that v(t) satisfies 
the following differential equation. 

(2.8) v"(t) + (n- l)^(t)v'{t) + Xv(t) = 0, t € (0, r) 

A A 1 

— A f 

Consider the function /x(t) — C K (t)nn . Thus /u (£) = S K (t) C K (t)nK and 

A A 

»'(%(*) - //(*M*) - v'(t) C K {t)nk + -S K (t) C K {t)nn ~ v (t) 

n 

(2-9) a 

= - C K {t)™ ~ X S K (t) (n^-v'it) + Xv(t) 
n \ S K (t) 

C At) 
From (|2.9j) we see that to prove that n h . . v'(t) + \v(t) < we only need to prove 

<jk(£) 

v'{t)fx{t) - (i'(t)v(t) < 0. 

Multiplying the equation (|2.8|) by S 1 ™ -1 , we obtain the following differential equation 
(2.10) (S:- 1 v')' (t) + \Sr\t) v(t) = 0, * G (0, r). 

_A_ 

The function /x(t) = C K (t)nn , satisfies the differential equation 

Multiplying the equation (|2.11[) by 5'™ _1 (i) we obtain 

(2.12) sr'«)," (! ) + ASr'M (-j^ - A||) „ (( ) . 0. 

Adding and subtracting the term (n — l)/j,' (t)S™~ 2 (t)C K (t) we obtain 

(2.13) ( SrV )'«) + ASr'«) (^ + ^ " ^||) *<> ^ » 

The functions v and /x then satisfy the follow identities: 

(sj-'t/j'w+Asr'wK*) = o 

Multiply the first identity of (|2.14[) by fi{t) and the second identity by —v(t) adding them 
and integrating from to t we obtain 

(2.i5) sr - <./, - ,'») to = - f Asr'io (i - ^ + A||) ,(«)„«)* 
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Clearly 

Therefore we have v'(t)/i(t) — fj,'(t)v(t) < for t G (0,r). This settle the case n < 0. 

1 7T 

Suppose that n > 0. We have S K (t) = —^sm^/nt for t G (0,r) with r < — =. Define 

-A -A 1 

— A l 

H(t) = CJt) nn . Thus (i'(t) = -SJt)CJt) nn . With a similar procedure we obtain 

n 
that v and // satisfy the following differential identities 



(sr'»')'m + Asr '(*)«(«) = o 



( s ""V)'w-A S r'w(^ +s 4, + ^||),w - o 

In (28) we multiply the first identity by /i and the second by — v adding them and integrating 
from to t the resulting identity we obtain 

(2.i7) * r v. - At)vm = - [ x,sr\t) (2 - i + ^ + A||) m(*m*)* 

The term AST'W f 2 - i + -p^TTT + 4MT) M*M*) > ° is P ositive for * e (°' r )' 
r < tt/2^/k. Therefore we have that v'{t)n{t) - fx'(t)v(t) < for i G (0, r), r < tt/2^/k 

_AP 

The case k = we proceed similarly. Define //(£) = e 2n . The functions 1; and /1 satisfy 
the following identities, 

(i"- 1 u'(t))' + Ai ,l - 1 w(t) = 

(2-18) 

(t™-V(t))'4At"- 1 (l- r ^)M(*) = 

In (|2.18p we multiply the first identity by fi and the second by —v adding them and inte- 
grating from to t the resulting identity we obtain, 

e-\v'{t) n(t) - v(t) n'(t)) = -^ f n(t) v(t) < 0, Vi G (0, r). 

n Jo 

Then /j,(t)v'(t) - n'(t)v(t) < 0. This proves the lemma. D 

3. Proof of the Results 
3.1. Proof of Theorem ITTTl 

Proof. Let <p : M ^-> N x R be a minimal immersion of a m-dimensional Riemannian 
manifold M, where N is a complete Riemannian n-manifold with radial sectional curvature 
along the geodesies j(t) issuing from a point x G N bounded from above K(Y(t),v) < k, 
v G T 7 ( t )7V, |w| = 1, i; _L dt . Let fi C <p~ 1 (B N (x ,r) x R), r < v±a.{xnj(xo),Tr/2y/K}, 
(-K/2y/~K = 00 if k < 0) be a connected component. Let pn(x) — dist7v(^o, x) be the 
distance function in N to xq and let v : Bpj™- 1 («)(?") ^Kbe a first positive eigenfunction 
associated with the first eigenvalue Xi(B Nm -i( K - ) (r)) of the geodesic ball of radius r in the 
simply connected (m — l)-dimensional space form N m (ft) of constant sectional curvature 
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k. The eigenfunction v is radial, i.e. v(x) = v(\x\) and we can look at v as it were denned 
in [0, r] satisfying the equation 

(3.1) t/ / (*) + (m-2)^(t)«'(t)+Ai(B N m-i (B) (r)Mt)=0, te(0,r). 

Choose the first eigenfunction that satisfies the initial conditions v(0) = 1 and i/(0) = 0. 
Define <? : Bm{t) xl^lbyj^uo p^r ° P and /ifi^Rby/^go^, where 
p : N x R — > N is the projection in the first factor. Setting X — grad log / we have that 
divX - \X\ 2 = A///. Thus by Theorem (EHJ) we have that 

A*(fi)>rnf(-^). 

We are going to give lower bound —A///. Let x £ 51 and {ei, . . . , e m } be any orthonormal 
basis for T x tt. The Laplacian of / at x is given by 

m m 

(3.2) Am /(x) = 51 Hess (iVxR) 9{v{%)) (ei, e») = ^ Hessjv u o p N (q)(ei, e») 

1=1 4 = 1 

Consider the orthonormal basis {gradpjv, d/dOi, . . . , d/dO n -x, d/ds} for TL a \(iV x R), 
where {gradpAr, d/dOi, . . . , d/dQ n -i} is an orthonormal basis for T«jiV (polar coordinates). 
Let {ei, . . . , e m } be an orthonormal basis for T^fi and write 



(3.3) 



grad pat + 6» ■ 9/ds + Y^ cf • d/d0j 



Where a i: bi, c? are constants satisfying a 2 + 6f + X)?=i (c?) 2 = 1, i = 1, . . . , TO. Computing 
Am/(i) we have, (recall that <^(x) = (<z, s) and we are letting £ = pn(q)) 

I a 

A/ (a;) = ^[ei(w'(£))(gradpAr,ei) +w'(£)Hess A rp A r(e l ,ei)] 

i=l 

m m n— 1 

= «"(*) ]T a? + t/(t) £ ]r( C D 2 Hess PAr (d/c% 0/Sty 

£=1 Z— 1 j — 1 

Since v f (t) < we have by the Hessian Comparison Theorem that 

m ^-y rn n— 1 

-A/(x) > ^'(*)£ a? -r/(t)^(i) ££(<#> 



(3.4) 



C K 



i=i j=i 



-t,"(i)$>?-t/(t)^(t) 

i— 1 

V'(t)-(m-2)«'(t)§i(«) 



m 




m 


E 


«?" 


-E^ 2 


i=l 




i=l 



+v"(t) 



i-E«? 






i-E^+i-E^ 



Ai(SN"*-i(«)( r )) v (*) 



V'(«) 



i-E« 



i=l 



V(t)^(t) 



i-E^+!-E^ 



i=l 



i=l 
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We will show that the last line of (|3.4[) is nonnegative, this is 



(3.5) v"(t) 

Substituting v"{t) = 



i-E«* 



i=l 



C K 



i-E^-E 6 ? 



i=l 



>0. 



{m~2)v'(t)-^-(t) - X 1 (B Nm -i (K) (r))v{t) in ((231) we obtain 



«"(*) 



i-E- 






(3.6) 



C K 



(m - l)r/(t)-!i(t) + Ai(BN«-i (lc) (r))t>(t) 



i-E^+i-E^ 2 

771 

i-E°? 

i=l 
m 

!-E & ? 



V(i)^(i) 







a 



since we have that (m — l)i/(t)— — (£) + Ai(-Bifm-i( K \(r))v(i) < by Lemma (|2.4[) and 



5, 



A /, 



[1 - E™ i of] > and [1 - YZi b i] > °- From 63 wc havc t-(«) > Ai(S Nm - 1(K) (r)). 

Therefore, 

A*(fi) > in/(-A///) > Ai(B Nm - 1(K) (r)). 

To prove the last assertion of Theorem (II. ip we need the following proposition proved in [5] . 

Proposition 3.1. Let Q be a bounded domain in a smooth Riemannian manifold. Let 
v e C 2 {VL) n C°(Ti), v>0 in SI and v\dn = 0. Then 



Av, 



A*(fi)>inf(-— ). 
i/ and only if v = u, where u is a positive eigenfunction of 



(3.7) 

Moreover, A*(S7) = infn(- 
n, i.e. Au + X*(n)u = 0. 

If we have equality Ai (SI) = Ai(Sjj m - 1 (fs)( r )) we have that / is an eigenfunction and the 
expression (I3.6[) is zero (at each point of Q). This happens if and only if 

m m 

i = E«? = E#- 

i=l i=l 

On the other hand, we can write at each point x G SI 

m 
grad jv = E a * ei + {9 ra dN)^, 

i=l 

where (gradAr)^ is normal to the tangent space of T x Sl. Likewise we can write 

m 

i=l 

Since ||.gmdjv|| 2 = YZi af+IKgradjv)^!! and \\d/ds\\ 2 = YZi ft+WW^V we conclude 
that (grad^) 1 - = = (d/ds)^. Thus the tangent space T x Sl contains the vectors grad/9_/v 
and d/ds for each x E SI. Thus, we could have chosen in (??) an orthonormal basis for T x Sl 
in the following way e\ — gradpAr, e-2 — d/ds and {e^, . . . , e m } C {d/d9\, . . . , d/d9 n -i\- 
Clearly the set of vectors grad jv and d/ds form smooth vector fields on SI since they are the 
restrictions of smooth vector fields on N x R to a smooth immersed submanifold. The integral 
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curves of the vector field d/ds in fi are {x} x R contained in <p(M) and fl = ip x (B^ (r) x R) 
is not bounded. This proves Theorem (jTTTJ) . D 

3.2. Proof of Theorem ll.6l Let <p : M ^-> N xlbe a complete immersed m-submanifold 
with locally bounded mean curvature, where N has radial sectional curvature bounded above 
Kn < K along the geodesies issuing from Xq. Define p~N : N x E — > R by p~n(x, t) = pjy(x), 
Pn(x) = distAr (xo , #) ■ Let fi(r) = (p -1 (Bn(xo,t) x R), / = p/v ° V : ^M — ► R and 
X = grad/. The idea is to choose r < min{inj Ar (xo),7r/2y / K}, tt/2-s/k = oo if k < 0, 
properly such that infn(r) divX > then by Theorem (|2.3|) we have that 

2 



A*(fi(r)) > 
Observe that divX = Aj\// and as in 

Am/W = 



inf div X 

2sup|X| 
wc have 



^ilcss NxR p~ N (e i ,e i ) + (gradAr xR/ 9lv, if) 



(*>(*)) 



Where H= Y^iLi a ( e »i e ») is the mean curvature vector of <p(M) at <p(x) and {e\, . . . , e m } 
is an orthonormal basis of T X M as in (|3-3[) identified with {<i<p • ei, . . . , dip ■ e m }. Now 



y^HessjvxRp^e^e^) = J^ Hess jv Pat (e», e») 



m n— 1 



(3.8) 






> 



Ed 



tf-tfjf^r) 



On the other hand (gradjv X R/?iv, J?) = {gra,d nPn,H) 



(3.9) 



(grad npn,H) = ((grad n Pn) , H) 

< \H\ 



A 



i-£« 



< h(x a ,r) 



\ 



i-E' 



Since IgradArpAr)^! 2 = (1 - E^i a D- Therefore from ([3l]) and flU]) we have 

A M /(z) > (m - 2)§*(r) - h(x , r) > 

We have two cases to consider. First is the case that \h(xo,r)\ < A 2 < oo and we choose 
r < mm{mi N (xo),Tr/2^K 7 (C K /S K )^ 1 (A 2 /(m ~ 2))}. In case that lim r ->oah(xQ,r) = oo 
there is ro so that (m — 2)%^(ro) — h(xo,ro) = since we can assume without loss of 
generality that h(xo,r) is a continuous non-decreasing function in r. Then we choose r < 
min{inj A r(a;o), 7t/2 v /k, (C K /S K )~ 1 (h(xo, ro)/(m — 2))}. In both cases we have 

[ (m - 2)§*(r) - h(x Q , r y 2 
A*(fi(r)) > - -^-^ — — 

To prove Corollary (fl~7|) just see that fi(i? Pl ( M )) = M and X*(M) = 0. 
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